Interplay between $\mu$-$\tau$ reflection symmetry, four-zero texture
  and universal texture by Yang, Masaki J. S.
ar
X
iv
:2
00
2.
09
15
2v
2 
 [h
ep
-p
h]
  1
9 M
ay
 20
20
STUPP-19-239
Interplay between exact µ− τ reflection symmetries,
four-zero texture and universal texture
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In this letter, we consider exact µ− τ reflection symmetries for quarks and leptons. Fermion mass
matrices are assumed to be four-zero textures for charged fermions f = u, d, e and a symmetric
matrix for neutrinos νL. By a bi-maximal transformation, all the mass matrices lead to µ − τ
reflection symmetric forms, which seperately satisfy Tum
∗
u,ν Tu = mu,ν and Tdm
∗
d,e Td = md,e.
Reconciliation between the µ − τ reflection symmetries and observed sin θ13 predicts δCP ≃
sin−1[
√
me
mµ
c13s23
s13
] ≃ 203◦. Moreover, imposition of universal texture (mf )11 = 0 for f = u, d, ν, e
predicts the normal hierarchy with the lightest neutrino mass |m1| = 6.26 or 2.54 meV.
I. INTRODUCTION
The T2K experiment recently indicates a nonzero
CP violating Dirac phase δCP [1, 2]. Then CP viola-
tion (CPV) in the lepton sector draws strong attention.
Among studies of flavor structures, µ− τ reflection sym-
metry [3, 4] is widely studied [5–22] because it predicts bi-
maximal mixing θ23 = 45
◦ and the maximal CPV Dirac
phase δCP = ±pi/2.
In this context, universal texture [23–26] that imposes
µ − τ permutation symmetry or 2 − 3 symmetry for all
the SM fermions is appealing. However, universal µ − τ
reflection symmetry naively fails because it predicts zero
CP phase δCP = 0.
In this letter, we consider exact µ−τ reflection symme-
tries for quarks and leptons. By a bi-maximal transfor-
mation, four-zero textures [27–38] lead to a µ− τ reflec-
tion symmetric form in a particular basis. In this basis,
up- and down-type quark mass matrices from four-zero
textures separately satisfy exact µ− τ reflection symme-
tries, Tu,dm
∗
u,d Tu,d = mu,d. These symmetries realize
the maximal CP violation in the Fritzsch – Xing param-
eterization [39].
The same symmetries also hold in the lepton sector,
Tu,dm
∗
ν,e Tu,d = mν,e. In order to reconcile the µ − τ
reflection symmetries and observed sin θ13, the maxi-
mal CP violation is discarded and it predicts δCP ≃
sin−1[
√
me
mµ
c13s23
s13
] ≃ 203◦. This value is rather close to
the best fit for the normal hierarchy and in the 1σ region
δCP /
◦ = 217+40−28 [40]. This result does not depend on the
mass ordering of neutrinos.
Moreover, assuming universal texture (mf )11 = 0 for
f = u, d, ν, e and small 2-3 mixing of the lepton mass
matrix, we obtain the lightest neutrino mass |m1| = 6.26
or 2.54 meV. Each value corresponds to the Majorana
phases |α3 − α2| = 0 or pi, and the result only holds in
the case of the normal hierarchy (NH). Besides, for the
inverted hierarchical case, the solutions do not have real
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values and then contradict with the reflection symme-
tries.
This paper is organized as follows. In the next section,
we review four-zero textures and µ − τ reflection sym-
metry. In Sec. 3, µ − τ symmetries are imposed on the
lepton sector. The final section is devoted to conclusions.
II. FOUR-ZERO TEXTURE AND µ− τ
REFLECTION SYMMETRY
In this section, we review four-zero textures and its
interplay of the µ − τ reflection symmetry [3, 4]. First
of all, the phenomenological mass matrices of the SM
fermions f = u, d, e and neutrinos νL are defined by
L ∋
∑
f
−f¯LimfijfRj − ν¯LimνijνcLj + h.c. . (1)
Diagonalization of the mass matrices mf =
ULfm
diag
f U
†
Rf leads to the following CKM and MNS
mixing matrices
VCKM = U
†
LuULd, UMNS = U
†
LeULν. (2)
Since both the matrices have a large Dirac phase, the
maximal CP violation have been discussed [27, 41]. CP
phases depend on the basis of the fermions. In particular,
the phase of the CKM matrix becomes almost maximal
in the Fritzsch–Xing parameterization [39]:
VCKM =

 cu su 0−su cu 0
0 0 1



e
−iδFZ 0 0
0 cq sq
0 −sq cq



cd −sd 0sd cd 0
0 0 1

 ,
(3)
where cf ≡ cos θf , sf ≡ sin θf . The best fit values are
calculated by the way of Ref. [42]
su = 0.0863, sd = 0.212, sq = 0.0423, δFZ = 87.9
◦.
(4)
Although the original Kobayashi–Maskawa parameter-
ization [43] has a similar result δKM ≃ pi/2 [44], the
2Fritzsch – Xing parameterization has a reasonable phys-
ical view because it factorizes the large mixing in 1-2
generations and the small one in 2-3 generations.
If we assume mu,d are Hermitian matrices, Eq. (3)
strongly suggests that the mass matrices of quarks have
“four-zero texture” or “modified Fritzsch texture” [27],
mu =

i 0 00 1 0
0 0 1



 0 Cu 0Cu B˜u Bu
0 Bu Au



−i 0 00 1 0
0 0 1

 , (5)
md =

 0 Cd 0Cd B˜d Bd
0 Bd Ad

 , (6)
with real parameters Af > Bf > B˜f ≫ Cf . For the later
convenience, the relative phase is pressed on mu. The
forms of mass matrices (5) and (6) are almost consistent
with the latest full parameter scan of four-zero textures
[36, 38]. In this case, the rotation matrices Vu,d at leading
order is written by the mass eigenvalues and parameters
ru,d ≡ Au,d/mt,b [38];
Vu ≃

1 0 00 √ru √1− ru
0 −√1− ru √ru




1 −
√
mu
mc
0√
mu
mc
1 0
0 0 1

 ,
(7)
Vd ≃

1 0 00 √rd √1− rd
0 −√1− rd √rd




1 −
√
md
ms
0√
md
ms
1 0
0 0 1

 .
(8)
Then, an approximate form of the CKM matrix VCKM =
U †uUd is found to be
VCKM = V
T
u

−i 0 00 1 0
0 0 1

Vd. (9)
In the Fritzsch–Xing parameterization (3), one directly
obtains
su ≃
√
mu
mc
, sd ≃
√
md
ms
, (10)
sq ≃
√
ru(1− rd)−
√
rd(1− ru), δFZ ; pi/2. (11)
It predicts Vcb and Vts at leading order as follows
|Vcb| ≃ |Vts| ≃ sq. (12)
A bi-maximal transformation of the mass matrices by
the following UBM ,
mBMf ≡ U †BMmfUBM , UBM ≡

1 0 00 i√
2
i√
2
0 − 1√
2
1√
2

 , (13)
leads to
mBMu =


0 −Cu√
2
−Cu√
2
−Cu√
2
B˜u
2 +
Au
2
B˜u
2 − Au2 − iBu
−Cu√
2
B˜u
2 − Au2 + iBu B˜u2 + Au2

 ,
(14)
mBMd =


0 iCd√
2
iCd√
2
− iCd√
2
B˜d
2 +
Ad
2
B˜d
2 − Ad2 − iBd
− iCd√
2
B˜d
2 − Ad2 + iBd B˜d2 + Ad2

 .
(15)
These matrices (14), (15) separately satisfy exact µ − τ
reflection symmetries:
Tu(m
BM
u )
∗Tu = mBMu , Td(m
BM
d )
∗Td = mBMd ,
(16)
where
Tu =

1 0 00 0 1
0 1 0

 , Td =

1 0 00 0 −1
0 −1 0

 . (17)
The form of matrices (14), (15) has been indicated a
study of universal texture [23]. However, they consid-
ered no symmetry and these forms were treated as a phe-
nomenological description.
III. µ− τ REFLECTION SYMMETRY IN THE
LEPTON SECTOR
In this section, we impose the symmetries (16) on the
lepton sector and research some predictions. If the MNS
matrix has the same form to the CKM matrix (9),
U0 = V
T
e

+i 0 00 1 0
0 0 1

Vν0, (18)
where
Ve ≃

1 0 00 √re √1− re
0 −√1− re √re




1 −
√
me
mµ
0√
me
mµ
1 0
0 0 1

 ,
(19)
Vν0 ≃

1 0 00 c23 s23
0 −s23 c23



c12 −s12 0s12 c12 0
0 0 1

 , (20)
with re ≡ Ae/mτ in Eq. (30). It predicts the maximal
CP violation δPDG ; −pi/2 and
sPDG23 ≃ 1/
√
2, sPDG13 ≃ sPDG23
√
me/mµ ≃ 0.05, (21)
3in the standard PDG parameterization. However, the
small sin θ13 disagrees with the observation. They are
well known results in the universal texture [23, 24].
In order to derive a proper sin θ13, we change the mix-
ing matrix Eqs. (18) and (20) in the following way.
U = V Te

−i 0 00 1 0
0 0 1

Vν , (22)
Vν =

1 0 00 c23 s23
0 −s23 c23



 c13 0 s130 1 0
−s13 0 c13



 c12 s12 0−s12 c12 0
0 0 1

 .
(23)
In Eqs. (22) and (23), the sign of the phase and s12 are
changed in the same way to the PDG parameterization
(the sign of JPDG (35) is not changed). The Majorana
phases are omitted here and discussed later. The 2-3
mixing of the Ve can be absorbed to that of the Vν . Then,
U =


1
√
me
mµ
0
−
√
me
mµ
1 0
0 0 1


×

−i 0 00 c23 s23
0 −s23 c23



 c13 0 s130 1 0
−s13 0 c13



 c12 s12 0−s12 c12 0
0 0 1

 .
(24)
It leads to
|Ue3| = |sPDG13 | ≃ |is13 −
√
me
mµ
c13s23|. (25)
From the parameter
√
me/mµ ≃ 0.07 and the following
values from the latest global fit [40],
θPDG23 = 49.7
◦, θPDG12 = 33.82
◦, θPDG13 = 8.61
◦,
(26)
one obtains c13 ≃ cPDG13 , s23 ≃ sPDG23 and
s13 = ±
√
(sPDG13 )
2 − me
mµ
(cPDG13 )
2(sPDG23 )
2 = ±0.140.
(27)
The sign ± in Eq. (27) corresponds to the sign of cos δCP .
We adopt s13 = −0.140 because the latest global fit found
cos δCP < 0 [40].
The absolute values of elements in reconstructed UMNS
are found to be
|UMNS| =

0.821 0.550 0.1490.275 0.596 0.754
0.500 0.584 0.640

 . (28)
All of the components is in the range of 3 σ.
On the analogy of quark masses, the lepton mass ma-
trices mν,e which predict the mixing matrix (23) will be
the following forms
mν =

−i 0 00 1 0
0 0 1



aν bν cνbν dν eν
cν eν fν



−i 0 00 1 0
0 0 1

 , (29)
me =

 0 Ce 0Ce B˜e Be
0 Be Ae

 , (30)
with real parameters aν ∼ fν . These matrices have no
symmetry at first glance. However, the bi-maximal trans-
formation in Eq. (13)
mBMν ≡ U †BMmνU∗BM , mBMe ≡ U †BMmeUBM , (31)
leads to
mBMν =


−aν 1√2 (bν − icν)
1√
2
(bν + icν)
1√
2
(bν − icν) fν2 − dν2 + ieν − fν2 − dν2
1√
2
(bν + icν) − fν2 − dν2 fν2 − dν2 − ieν

 ,
(32)
mBMe =


0 iCe√
2
iCe√
2
− iCe√
2
B˜e
2 +
Ae
2
B˜e
2 − Ae2 − iBe
− iCe√
2
B˜e
2 − Ae2 + iBe B˜e2 + Ae2

 .
(33)
Eqs. (32) and (33) also separately satisfy exact µ − τ
reflection symmetries (16):
Tu(m
BM
ν )
∗Tu = mBMν , Td(m
BM
e )
∗Td = mBMe . (34)
Therefore, in this basis, all of quarks and leptons satisfy
the exact µ−τ reflection symmetries. Note that the µ−τ
symmetry is not imposed on mν in the basis of four-zero
texture (29).
A. Dirac phase δCP
In order to show the Dirac phase δCP , we evaluate the
Jarskog invariant [45],
JPDG = sin δCP s
PDG
12 c
PDG
12 s
PDG
13 (c
PDG
13 )
2sPDG23 c
PDG
23 .
(35)
Since the phase δCP vanishes in a limit of
√
me/mµ → 0,
the invariant should be proportional to the parameter.
The invariant is evaluated from Eq. (24) as
J = −Im [Uµ3Uτ2U∗µ2U∗τ3] (36)
≃
√
me/mµ c13c23[−c12s12s223 + s13c23s23(c212 − s212)
+ s213c12s12c
2
23] = −0.0130, (37)
≃ −
√
me/mµ c13c23c12s12s
2
23 = (−0.0120). (38)
4The value with (without) parentheses is induced from
full calculation (only leading order). Since s13 = −0.14
is small, JPDG (35) and the perturbative expansion (38)
gives an approximate formula of sin δCP ,
sin δCP ≃
√
me
mµ
c13s23
s13
≃ −0.390 (−0.360). (39)
cos δCP is obtained as
cos δCP =
|UPDG22 |2 − (sPDG12 sPDG13 sPDG23 )2 − (cPDG12 cPDG23 )2
−2sPDG12 sPDG13 sPDG23 cPDG12 cPDG23
(40)
=
|U22|2(1− |U13|2)2 − |U13|2|U12|2|U23|2 − |U11|2|U33|2
−2|U13||U12||U23||U11||U33|
(41)
= −0.920. (42)
Therefore
δCP ≃ 203◦ (201◦). (43)
This value is rather close to the best fit for the normal
hierarchy and in the 1σ region δCP /
◦ = 217+40−28 [40]. This
result does not depend on the mass ordering of neutrinos.
B. Majorana phases, universal zero texture and
masses
The standard PDG convention of the Majorana phases
is
UMNS = UP, P ≡ diag(1, eiα2/2, eiα3/2). (44)
The neutrino mass matrix mν reconstructed in the four-
zero basis is obtained as
mν =

−i 0 00 1 0
0 0 1

VνP

m1 0 00 m2 0
0 0 m3

PV Tν

−i 0 00 1 0
0 0 1

 .
(45)
If this mass matrix with Majorana phases satisfies the
symmetry Eq. (16), α2,3/2 = npi/2 (n = 0, 1, 2, ...) should
be hold. This result agrees to the previous studies by
Xing et. al. [19, 21].
Note that the 2-3 mixing of Vν and Ve cannot be de-
termined independently. We assume that of Ve is small
(equivalently,
√
1− re ≃ mµ/mτ in Eq. (19) ). More-
over, imposition of universal texture (mf )11 = 0 for
f = u, d, ν, e [23] determines the mass eigenvalues m1,2,3
from a condition
m1 =
−eiα2m2s212 − eiα3m3t213
c212
, (46)
where t13 ≡ tan θ13. For the normal hierarchical case,
|m1| = 6.20meV for (α2, α3) = (0, 0) or (pi, pi) (47)
= 2.54meV for (α2, α3) = (0, pi) or (pi, 0). (48)
Here, we used the mass differences from the global fit [40]
∆m221 = 73.9 [meV
2], ∆m231 = 2525 [meV
2]. (49)
Besides, for the inverted hierarchical case, the solutions
of Eq. (46) do not have real values and then contradict
with the reflection symmetries.
Finally, the effective massmee of the double beta decay
is obtained as [46]
|mee| =
∣∣∣∣∣
3∑
i=1
miU
2
ei
∣∣∣∣∣ (50)
= |(cPDG13 )2[m1(cPDG12 )2 +m2(sPDG12 )2eiα2 ]
+m3(s
PDG
13 )
2ei(α3−2δ)|, (51)
= 0.17meV for (α2, α3) = (0, 0) or (pi, pi), (52)
= 1.24meV for (α2, α3) = (0, pi) or (pi, 0). (53)
These values are rather small than other models because
it vanishes in a limit of (mν)11 =
√
me/mµ = 0. In
particular, the phase factor −i in Eq. (45) generates de-
structive interferences for α2 = α3.
IV. CONCLUSIONS
In this letter, we consider exact µ − τ reflection sym-
metries for quarks and leptons. By a bi-maximal trans-
formation, up- and down-type quark mass matrices with
four-zero textures separately satisfy exact µ−τ reflection
symmetries, Tu,dm
∗
u,d Tu,d = mu,d.
The same symmetries also hold in the lepton sec-
tor, Tu,dm
∗
ν,e Tu,d = mν,e. Reconciliation between the
µ− τ reflection symmetries and observed sin θ13 predicts
δCP ≃ sin−1[
√
me
mµ
c13s23
s13
] ≃ 203◦. This value is rather
close to the best fit for the normal hierarchy and in the
1σ region δCP /
◦ = 217+40−28.
Moreover, assuming universal texture (mf )11 = 0 for
f = u, d, ν, e and small 2-3 mixing of the lepton mass ma-
trix, we obtain the lightest neutrino mass |m1| = 6.26 or
2.54 meV. This result only holds in the case of the nor-
mal hierarchy, because the solutions contradict with the
reflection symmetries for the inverted hierarchical case.
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